Stability analysis for a class of nabla (g, h)-fractional

difference equations

Xiang Liu'* Baoguo Jia!, Lynn Erbe? and Allan Peterson®
1School of Mathematics, Sun Yat-Sen University,
Guangzhou, 510275, China
2Department of Mathematics, University of Nebraska-Lincoln

Lincoln, NE 68588-0130, U.S.A.

Abstract This paper investigates stability of the nabla (g, h)-fractional difference equa-
tions. Asymptotic stability of the special nabla (¢, h)-fractional difference equations are
discussed. Stability theorems for discrete fractional Lyapunov direct method are proved.
Further, we give some new lemmas (including important comparison theorems) related
to the nabla (g, h)-fractional difference operators that allow proving the stability of the
nabla (g, h)-fractional difference equations, by means of the discrete fractional Lyapunov
direct method, using Lyapunov functions. Some examples are given to illustrate these
results.

Keywords Nabla (g, h)-fractional difference equations; Stability; Discrete fractional Lya-
punov direct method; Lyapunov functions.

2000 Mathematics Subject Classification 39A12, 39A70.

1 Introduction

Fractional calculus is playing an important role in modern control areas. Stability

theory of fractional differential equations is frequently used in fractional controllers. But

*Corresponding author: liux255@mail2.sysu.edu.cn



due to fractional operators depend on the value of past state, it is difficult to extend the
normal Lyapunov stability results to fractional cases since the Leibniz law becomes very
complicated and does not hold in general.

Matignon [1] proposes an explicit stability condition for a linear fractional differential
systems. The articles [2, 3] present the fractional Lyapunov direct method to the fractional
order differential systems, for the applications of this method, see [4-6]. However, it is a
difficult task to find an appropriate Lyapunov function by means of this method. Some
authors have proposed Lyapunov functions to prove the stability of the fractional order
systems. For the application of this method, we refer to [7-13].

The (g, h)-fractional difference equations have received a lot of attention recently, the
basic theory and its applications can be found in [14-20]. In this paper, we use the idea
[11] to analyse the stability and asymptotical stability of the nabla (g, h)-fractional differ-
ence equations. Firstly, we prove the stability theorems of discrete fractional Lyapunov
direct method for the special nabla (g, h)-fractional difference equations. Further, we
present some new lemmas, which enable us to determine the stability of such equations
by establishing Lyapunov functions. Then, using these lemmas and discrete fractional
Lyapunov direct method, we give sufficient conditions for these equations to be stable or

asymptotically stable. Finally, some examples are given to illustrate our main results.

2 Preliminaries

We recall some notation of (g, h)-calculus (for details, see [14, 15]). For any real

number « and any g > 0, ¢ # 1, we set [o], = %. The extension of the g-binomial

coefficient to the non-integer value n is given via the ¢-Gamma function I';(¢) defined for

0 < g <1 as follows:

(7 D1 =)'
(¢", @)oo

where (a,7)ec = [[;29(1 — a¢’) and ¢ € R\{0,—1,-2,...}. Tt is easy to check that I';

L4(t) == , 0<g<1,

satisfies I'g(t + 1) = [t];['3(¢). The g-analogue of the power function is introduced as

(a) - (S/t7q~)oo

t—s): t g <1 R.
( s)q s/t D) #£0,0<q<1, a€e



For a« = n a positive integer, this expression reduces to

n—1

(t 9" =] (1 —f?).

J=0

Here, the (g, h)-set is defined by:

Tt

h
(qﬁh):{toqur[k]qh,keZ}U{ﬂ}, ty>0,q>1, h>0, g+h>1.

to

Note that if ¢ = 1 then the cluster point h/(1 — ¢) = —oo is not involved in T The
forward and backward jump operator is the linear function o(t) = ¢t + h and p(t) =
q (t—h), respectively. Similarly, the forward and backward graininess is given by u(t) =
(g — 1)t + h and v(t) = ¢ u(t), respectively. Observe that

o*(t) = ¢t + [k],h, and p*(t) = ¢~ " (t — [k],h).

t
Let a € T,

’]1"8 h) by the relation

a > h/(1—q) be fixed. Then we introduce restrictions of the time scale

~0_i(a) . ~
T(,m = {t €T,

" N o'(a)}, 1=0,1,..,

where the symbol ¢* stands for the ith iterate of o (analogously, we use the symbol p?).
To simply the notation, we put § = 1/q whenever considering the time scale T'é‘; By OF

T7'@ . The nabla (q, h)-difference of the function x : ng’h) — R is defined by

(a,h)
z(t) —x(p(t) _ x(t) —=(q(t —h))
v(t) (I=q)t+qgh

(Vigmz)(t) :=

where ¢ = 1/q. The nabla (g, h)-fractional power functions and the (g, h)-Taylor mono-

mials of degree o are defined by

. (t — 8)57),1
ho(t,s) = Th) R
(¢, 5) Lij(a+1)’ aeR

respectively, where [t] =t + hg/(1 —q) and [s] = s+ hG/(1 —G), 0 < § < 1. The following
relations

v(t) = [1](1 = q),
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v(p*(t) = ¢ (1),

S ~n,
o,
1]
hold for s, t € Tah), if there exists n € Ny such that ¢t = ¢"(s). The nabla (g, h)-integral
of z: [a,t] N ’ﬁ“(lqﬁ) :— R is defined by

t k
/ 2(T)Vr =Y a(0'(a))v(o’(a)),
a i=1
where ¢ = 0%(a), k > 1, and by convention [ z(7)V71 = 0.

Definition 2.1. (See [14, Definition 1]). The Riemann-Liouville nabla (g, h)-fractional

sum of order o > 0 over the set T?q py 18 defined by

A~

(i@ = [ hans(t, pr)a(r) V. (21)

Definition 2.2. (See [14, Definition 3|). Assume o > 0, n = [«], that is, n is the ceiling
of a. Then the Riemann-Liouville nabla (g, h)-fractional difference of order « over the set

,(;)l) is defined by

T(q,

(Vm@) () = (Vim (Vi V2))(0). (2.2)
Lemma 2.1. Assume o > 0, n = [a], that is, n is the ceiling of a. Then the following

formula is equivalent to (2.2)

t
/ hear(t, p(r)a(T) VT, a€ (n—1,n), t T,

N

(Vgm®)(t) = (2.3)

o (a)

( ?q,h)x)(t), a=n,te ’]I‘(q’h) )

Proof. If a = n, we have
(Vm@) (1) = (Vi (Vo Y2 () = (Vigm (Vi @) () = (Vi z)(1).
If « € (n—1,n), we have
~(n-a) Y
(VD1 = (Vi WV )@ = (Vi Viam ( / b (t p(7))2(r)VT) ).

Taking the difference with respect to ¢, and using (see [15, Lemma, 2.3]) tV(%h)IA”L,a(t, p(1)) =
]Al—a—l (t7 p(T)), we get

V([ u-acsltor)a(r)97)
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Hence, we have

t
(T2 = Vi [ st p(r)a(r)Vr

Repeating the similar procedure n — 1 times, we obtain

(V% ) () = / s (£, p(7))2(7) V.

The proof is complete. n

Definition 2.3. (See [16, p. 2218]). Assume a > 0, n = [«], that is, n is the ceiling
of a. Then the Caputo nabla (g, h)-fractional difference of order « over the set ’IN[‘?;,(S) is

defined by

(VD)) = (Vi (Vo)) = / haci (t, p(T) (V@) ()Y, (24)

Lemma 2.2. (See [16, Theorem 3.9]). Assume a« € Rand n € Ny sothat n—1 < a < n.
Then

Vi Vnmt) = 2(t) = > hi(t,a) Vi, (), t €T, (2.5)
0

3
—

T

The following corollary appears in Du et al [18, Corollary 4.6].

Corollary 2.1. Assume z : ']I‘? n R,g>1,and 0 < a < 1. Then

(o) Vg (Vi @) (1) = (Vigm (V5@ (1) = 2(0(a)hea(t,a), t € Tq.  (2.6)
Lemma 2.3. Assume z, y : ']~T‘(‘q7h) — R and b, ¢ € ']~I"(lq7h), b < c¢. Then we have the

integration by parts formula:

C

/b 2 (0(0) (V) (7t = (g ()]s — / Y(0)(V iy 2) (£) VL. 2.7)



Proof. From the definition of nabla (g, h)-difference, we have

Vign(@(t)y(t))
_ x(t)y@) — z(p(t))y(p(t))
v(t)
z(p(t)[y(t) —y(p®))] + y(@)[z(t) — z(p(?))]
v(t)
= 2(p(t))(Vgmy) (1) + y()(V gn2)(t).

Integrating from b to ¢ on both sides of the above formula, we have (2.7) holds. The proof

is complete. O

Now, we give the following remark, it is essential for our main results.

Remark 2.1. For O <a<1,0<¢<1,1<j <k, ki +1< kg, we have

hea(0™(), 07 @) = hoa(0" (@), 07 (@)
(0() = o7 Ha)igny _ (*(0) = (@) g

To(—a+1) B Ti(—a+1)
(oM@ = [ @)y (0" ()] ~ o @)y
- T(—a+1) Pa(—a+1)
o) () @I (gt D=

T, i(—a+1)(g 70[[?22(2))]]7(:7/) Fi(—a+1)(G~ [([TUJ 1(()%1767)00

[0 (a)] (g™ J“’@) 0" ()] (" 7, D)oo
T L(—at D@ R e Tol—a+ D(G I )
_ @) Ty — g ) oM (@) T T (1 — gt )

T ( o+ 1) HZ 0(1 — q~—a+kzz—j+1+z‘) Fq(—oz + 1) Hl 0(1 —q a+k1—J+1+i)
70t ) " TR 32974 oot ) [0 — g1
Fi(—a+ D) J[Z,(1 — gothemitiv) - Dg(—a+ 1) [[Z(1 — g-oth—iti+)
_ qua—kla B (1~_ q’k1—jj+1) e (1 _ czkz—j) | ]

(1 — G othitl).. (1 — Gotha=d)

(0 + ) Tyl - 7+

X - -
Pi(—a+ D=2 (1 — gretheitit)

< 0.

ForO<a<1,0<g<1,1< 75 <k, wehave

(0" (a) = o~ (a)) )

ﬁ,a(ak(a),Uj;l(a)): Fq(—Oé—F 1)




([o*(@)] = [ @)y
B Fq(—OK +].)
(G D

gi—1 ~
F( a+1)( a[[;(()])}7Q)oo

_ oM@ (@ 7 D)
Fg(—a+1)(G 71, §)oo

_ (0% (a)] 7 TI2, (1 — gFitit)
Di(—a+ 1) [[52,(1 — goth-iti+i)

> 0.

ForO0<a<1,0<qg<1,1<7 <k, wehave

(c%(a) — 07971 (a))!2

iLa_l(o'k(a)’ oI (a)) = e (q,h)
_ (o*(@)] ~ [’ M@y
Fg(a)

_ oM@ (gt D
Ty()(ge 1[03 1(a)]

) )OO

_ [o*(a))~ (ci"“ J“ , @)oo
L) (7, §)oo

_ oM@ (L — ¢ )
La(a) [TiZ(1 = qa“f iti)

ForO0<a<1,0<g<1,1<75<k—1, we have

> 0.

(O'k(a) _ gi-t (a))(ja—l)

ﬁfafl(ak(a),ajfl(a)): ) (@h)
(jot(@)] = [ (@)
Pi(=a)
@ (e 0=
Ta(—a)(gotztel ),

I (a0 e Ut I
L(=a) (g, §)oo

_ [o* (@) T (1 — gt
Ti(—a) [TZ0(1 — g~ a*’“ —i+i)

<0,




([o*(a)] = [o* (@) "
I'(—a)
ok (o) (2l ).

~ o'k_l a ~
Ffi(_a)(qiail [ [ak(é)]” ) Q)oo

M@ G D)
To(—a)(@ ™, D

oM@ IR (- )
Fa(—a) Tl — %)

> 0.

For ¢ > 1,1 < j <k, we have

v(o(a)) = o’(a) = p(c (a))
= 0’(a) - 0’7 (a) |
_ (qja+ il lh) — (qj’1a+ ¢l 1h>
=¢alg—1) +¢'h
h

>q¢ g~ 1)1——q +¢h

=0,

where we used a > %q.

3 Basic Definitions and Lemmas

In this section, we will present some basic definitions and lemmas, which are important
for our main results.

Consider the following nonlinear nabla (¢, h)-fractional difference equations

(V8 2)(1) = [t 2(1)), €T, (3.1)

z(a) = o,

where f : ']T‘?(I(i)) XxR—R, z: ']T‘?q’h) — R, and « € (0,1], and

(Ve 2)(t) = [t (1)), t €T,
(3.2)

x(J(a)) = X,
where f : T?ngza)) xR —R, z: T?q(z)) — R, and a € (0,1]. Tt is easy to see that equations

(3.1) and (3.2) has a unique solution.



The constant z., is an equilibrium point of equation (3.1) (or (3.2)) if and only if
(gV‘()‘qjh)xeq)(t) = f(t,2eq(t)) = 0 (V1) Teq) () = f(, 2eq(t)) in the case of the Riemann-
Liouville nabla (g, h)-fractional difference equation) for all t € ']T?;;;l)).

Assume that f(¢,0) = 0 so that the trivial solution z = 0 is an equilibrium point of
equation (3.1) (or (3.2)). Note that there is no loss of generality in doing so because any

equilibrium point can be shifted to the origin via a change of variables.

First, we present the following simple definitions and important facts.

Definition 3.1. The equilibrium point = = 0 of equation (3.1) (or (3.2)) is said to be
(a) stable, if for each € > 0 and ng € Ny, there exists 6 = d(e,n9) > 0 such that
|z(a)|| < d(g,n0) (or ||z(o(a))|| < §(g,n0)) implies ||z(c*(a))|| < € for all k € N,,.
(b) attractive, if there exists d(ny) > 0 such that ||z(a)|| < d(no) (or ||z(c(a))| < d(ng))
implies limy, o, x(c*(a)) = 0.

(c) asymptotically stable, if it is stable and attractive.

The equation (3.1) (or (3.2)) is called stable (asymptotically stable) if their equilibrium
point x = 0 is stable (asymptotically stable).

Definition 3.2. (See [21, Definition 3.2]). A function ¢(r) is said to belong to the class
K if and only if ¢ € C[[0, p),Ry], ¢(0) = 0, and ¢(r) is strictly monotonically increasing

n r.

Definition 3.3. A real valued function V (¢, ) defined on ']T‘?q7h) x S,, where S, = {z €
R™ : ||z]| < p}, is said to be positive definite if and only if V(¢,0) = 0 for all t € ’]T‘(q’h)

and there exists ¢ € K such that ¢(r) < V(t,z), ||z|| =7, (t,x) € P]T((lq,h) X S,.

Definition 3.4. A real valued function V (¢, z) defined on ']~I"(lq7h) x S,, where S, = {z €
R™ : ||lz]| < p}, is said to be decrescent if and only if V(¢,0) = 0 for all ¢ € T‘(Iq,h) and

there exists ¢ € K such that V(t,z) < ¢(r), ||z|| =r, (t,x) € ']NT‘(lq’h) X S,.

Now, we give the following lemmas for the Caputo nabla (g, h)-fractional difference,
which will be useful for proving the stability of equation (3.1). The proof of Lemmas
3.2-3.4 is motivated by the proof in [8, Lemmas 2.7-2.9].



Lemma 3.1. Assume ({V, ,2)(t) > ((V{ ,y)(t), t € ’]I“(T(‘;L)), z(a) > y(a), and a € (0, 1].

Then we have x(t) > y(t) for t € T(q h)

Proof. Let F(t) := z(t) — y(t). For a = 1, we have
(Ve nF)(t) = (VignF)(t) >0,

it is easy to see x(t) > y(t) for t € ’]~I‘a -
For o € (0, 1), since (aCV?%h):c)( ) > (CV(O‘qh y)(t), we have

(o Vi F)(t) >0,

which can be written as

[ healt o) (Vi Y)Y 2 0

By the integration by parts formula (2.7), we have

~

heo(t, T)F(T)[_, + / t hea_1(t, p(T))F(T)VT > 0.

a

Letting t = 0*(a), k > 1, we have
—h_a(0*(a),a)F(a) + Z h-a-1(0"(a), 0" (a)) F(0? (a))v(0? () = 0.

Since h_o(0*(a),a) > 0, h_q_1(c*(a), 0¥ (a)) > 0, h_a_1(c%(a),0? (a)) < 0,1 < j <
k—1, v(o’(a)) > 0,1 < j <k, and x(a) > y(a) are true. When k£ = 1, we have
z(o(a)) > y(o(a)). Suppose F(o7(a)) > 0,0 < j <k — 1, by strong induction, we obtain
F(t) > 0, that is, x(t) > y(t) for t € ']T‘(lq’h). The proof is complete. O

Consider the following fractional difference equation
(EVE o) (t) = —y(x(t), z(a) =0, a€ (0,1, teT] (3.3)

where v € K and z(t) is a positive definite and decrescent function. We can easily show

this equation has a unique solution.

Lemma 3.2. Assume xz(t) is a solution of equation (3.3), and x(a) > 0. Then (Vg nz)(t) <

o (a)
0 fort e T(q’h).
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Proof. We assume that there exists a first point ¢; such that (Vg x)(t) > 0on [o(t1),t2)N
T a ~02(a T™a
T{, ), Where t; € T((h), ty € T(qﬁl))7 and (Vgn)(t) <0 on [o(a),t] NT(, ). For a =1,

we have

(acv?q,h)l')(b) - (acv((lq,h)x>(t1> = (Vign®)(t2) = (Vignx)(t1) > 0.

For « € (0, 1), by Definition 2.3, we have

(& Vigmo)(t2) = (£ Vi m2) ()

- / 2ﬁ,a(tz,p(T))(V(q,h)w)(T)VT— / 1hfa(tbp(T))(V(qvh)w)(T)VT

2o el Zh ), 09 (@)(V g y2) (07 (@) (07 (a)

- hoa(0 (a), 0 (@)(V @) (07 (@) (07 ()
:;h;@_a(o'fz(a),oﬂ—l(a» ha(0" (@), 071 (@) (Vg 2) (07 (0)) (07 (a)
T Z h-a(0(a), 074 (@))(V 7)o () (07 (a)) > O,

where h_q (0" (a), 0771 (a)) — h_a(c™ (a), 07 (a)) < 0,1 < j < ky, h_o(c*2(a), 072 (a)) >
0, k1 +1<j <ky,and v(c’(a)) > 0,1 < j < k.

On the other hand, we have

(& Vipm®)(t2) = Vimo)(t) = —y(2(t2)) + v(x(t)) <0,

which is a contradiction. So, we have (V(uz)(t) < 0 for t € ’]MI‘E';‘Q). The proof is
complete. n

Lemma 3.3. Assume z(a) > 0. Then the solution of equation (3.3) is positive on T‘(lqﬁh).
Proof. According to Lemma 3.2, we can see that (Vg x)(t) < 0 leads to

VL mT)(1) <0, ae(0,1], teT].

So, by equation (3.3) and the monotonicity of the function 7, we have x(t) > 0 for

t e ']T?q’h). The proof is complete. ]
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Lemma 3.4. Assume z(t) is a solution of equation (3.3), and x(a) > 0. Then the solution
of equation (3.3) has a limit and

lim z(t) =0, te€ T‘(Z%h).

t—o0
Proof. From Lemmas 3.2, 3.3, we can see the limit exists. Arguing by contradiction, we

assume lim; o z(t) = ¢ > 0 for t € ']~I“(’q7h). For o € (0, 1], taking the operator aV(_q"h) on

both side of equation (3.3), and using (2.5), we have

where we used ha_1(c%(a),07 " (a)) > 0, v(c(a)) > 0,1 < j < k. Due to the fact that

lim (z(t) — z(a)) = ¢ — x(a) <0,

t—o00

while

lim —(2(0" () ha(0*(a), a) = —oo,

k—o00

because of the fact that

lim (2 (0" (a)))ha(0" (), a)

k—o0

1m
e Tyl + (7, 0
N Gt = Yl | Y i)
k—oo  Dgla+1)  [I2,(1 — gktety)

~—ko hi \a ~ B _ o "y
. (a+ L) (1= g) - (1 — g 1) T (1 — )
k—oo  Dgla+1) A—q) - (1T—g 1) T, -t
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et O T () (L) Ty(a)
koo Dgla+1)  (1—q)---(1—¢1) (1—g)

—x

:Oo7

where we used limy_,, G~** = oo, and

B RS B i 0 | G B0 Bt s
S (A== S0-a7) @) Tida)

This yields a contradiction. So, we have

lim 2(t) =0, €T,

t—o00

The proof is complete. O
Lemma 3.5. Assume z(t), y(t) satisfy

(EVimo)(t) < (), t € TG,
and

(V) > —(y(t), teT].

If z(a) < y(a), then z(t) < y(t) for ¢t € T( h)"

Proof. We assume that there exists a first point ¢, such that z(¢;) > y(t1), and z(t) < y(t)

on [a, p(t1)] N ’f[“(zqm, t, € 'ﬁ‘?q%. For a = 1, we have

(& Vimo) (t) = (T V) (t) = (Vign)(t) = (Vigmy)(t) > 0.

For a € (0, 1), using Definition 2.3, we have

(o Vipm®) () = (Vi my)(t)

/ hea(tr, p(T)) V(g (2(7) = y(7) VT

— oty 7)) — YT + / o (ty, (1)) () — y(r) VT

L2 by (o (@), @)(e(@) ~ y(a)
+ o (07(), 047 (@) (2(0™ (@) — (0" (a)) (0" @)
2 heama(0(0). 077 (@) (07 () — y(o” (@) () > O
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where h_o (0% (a),a) > 0, h_a_1(c* (a),0" " (a)) > 0, h_a_1(c*(a),09 (a)) < 0, 1 <
j<ki—1,and v(c/(a)) > 0,1 <j < k.

On the other hand, we have

(@ Vn) (1) = (Vmp)(h) < =1((t) +1(un) <0

which is a contradiction. So, we have z(t) < y(t) for t € ']~I“(1q py- The proof is complete.

]

Theorem 3.1. Assume z = 0 is an equilibrium point of equation (3.1). If there exists a
positive definite and decrescent scalar function V (¢, z), and class-K functions 7y, 72, and

~3 such that
nllz@®N) <Vt 2@) < vwlz@l), t e Tfu, (3.4)

and

(EVEWVI(La(0) < —y(le@)]), teTh3). (3-5)

Then equation (3.1) is asymptotically stable.

Proof. From the inequalities (3.4), (3.5), we have

V5V (E(1) < =305 (V(E2(1)), teTLG).

Consider the fractional difference equation

(EVemUE (1) = =1z (U 2(1)), te T,

when V(a,z(a)) < U(a,z(a)). By Lemma 3.5, we have V(t,x(t)) < U(t,z(t)), t € T (o)
According to Lemma 3.2, we obtain U(t,z(t)) < U(a,z(a)), t € ']NI“‘(lq,h). Using (3.4), we
get [|z(t)| <47 (V(t,2(t))). So, we have ||z(t)|| < v, (U(a,z(a))). Then, it follows from
the definition of stability that equation (3.1) is stable. Furthermore, from Lemma 3.4,
we have lim; ., V(t,z(t)) = 0. Since 71 € K, and the fact that ~ (||z(¢)|]) < V (¢, z(t)),

we have lim; ,, x(t) = 0. Hence, equation (3.1) is asymptotically stable. The proof is

complete. O

In what follows, we will present results concerning the Riemann-Liouville nabla (g, h)-

fractional difference, which are important to prove the stability of equation (3.2).
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Lemma 3.6. Assume that (,V{,,2)(t) > (Ve )(0), t € T\, a(0(a) > y(o(a)),

and a € (0,1]. Then we have z(t) > y(t) for t € ’ﬁ“(’q(f%.

Proof. Let F(t) := z(t) — y(t). For a = 1, we have

(a ?q,h)F)(t) = (VignF)(t) =0,

it is easy to see x(t) > y(t) for t € T

a)
(g,

h)*
For a € (0,1), since (o V{, ;,)2)(t) = («V{,1)y)(t), we have

(@Vigm (1) =0,

which can be written as
t
/ b (t, p()) F(F)VT > 0.

Letting t = 0*(a), k > 2, we have

h—a-1(0"(a), 07~ (a)) F (o7 (a))(0” (a)) 2 0.

1

Since h_q_1(0%(a),d* (a)) > 0, h_q_1(c"(a),09 " (a)) < 0,1 < j < k—1, v(c?(a)) > 0,
1 <j <k and z(o(a)) > y(o(a)) are true. When k = 2, we have z(c2(a)) > y(c*(a)).

k

Suppose F'(07(a)) > 0,1 < j <k — 1, by strong induction, we obtain F(t) > 0, that is,

x(t) > y(t) for t € ’TI“Z;%. The proof is complete. O

Consider the following fractional difference equation

(Vi m2)(t) = —1(x(t)), #(0(a) =20, a€(0,1], teTf (3.6)

(a,

where v € K and z(t) is a positive definite and decrescent function. We can easily show

this equation has a unique solution.

Lemma 3.7. Assume z(c(a)) > 0. Then the solution of equation (3.6) is positive on

T (a)
T(q,h)'

Proof. In order to show z(t) > 0 for ¢t € 'ﬁ‘?q(‘z)). Arguing by contradiction, we assume
that there exists a first point t; = o*(a), k; > 2 such that z(¢;) < 0, and x(t) > 0 on

la, p(t1)] N ’]NI‘E'q(‘;l)). For w = 1, and t = t;, the equation (3.6) can be written as

(Vigmz)(tr) = =v(2(t)), (3.7)
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we can see easily the L.H.S. of equation (3.7) is negative, while the R.H.S. of equation

(3.7) is nonnegative, which is a contradiction.

For a € (0,1), and ¢ = ¢, the equation (3.6) can be written as

/ o (t1, p(1)2(1) VT = —((t)).

Taking t; = o*(a), k1 > 2 in (3.8), we have

Z hoam1(0™ (), 077 (a) )2 (07 (@))v(0? (@) = —(2(0" (a))),

that is,

k1—1
Z ha-1(0™ (a), 07! (@))a(o? (@))v(0? (a))

A~

= ~h_a-1(0"(a), 0" (a))z(0" () v (0" () = y(2(c" (a))).

(3.8)

(3.9)

(3.10)

Since h_q_1(0*(a),07(a)) < 0, 1 < j < ky — 1, h_aq_1(c™(a),0¥(a)) > 0, and

v(o?(a)) > 0,1 < j < ki, we can obtain the L.H.S. of equation (3.10) is negative, while

the R.H.S. of equation (3.10) is nonnegative, which is a contradiction. Thus, we conclude

x(t) >0 fort e T?;jl)). The proof is complete.

]

Lemma 3.8. Assume xz(t) is a solution of equation (3.6), and x(o(a)) > 0. Then the

solution of equation (3.6) has a limit and

lim x(t) =0, t €T

t—o00

Proof. For o« = 1, the equation (3.6) can be written as

(Vigno)(t) = —(x(t)),

so, by taking t = o*(a), we obtain



= ~[aatd ™ 1) + e (a(o (@)
—(a+ q_il)q@k—l — 1)y(2(0*(a))).

Due to the fact that x(t) is positive and decreasing, so lim; .. z(t) exists.

limy o0 2(t) = ¢ >0 for t € ']NI‘?:}S), we have

Assume

lim (2(0*(a)) — #(0(@))) = ¢ (o (a)) <0,
while

tim [~ (at thl)qm'“ ~ D (a(*(@))] = —o0.

This yields a contradiction. So, we have

lim z(t) =0, te T

t—o00 (Q7h) ’

For a € (0,1), applying the operator U(a)V(_q?‘h) to both sides of equation (3.6), we
obtain

(o(@ Vg @ Vg ) () = = (@@ V gny7) (@(1))-
Using (2.6), we get

2(t) = 2(0(a)har (t@)[o(a)] (1 =)' = =) Vi1 (x(t)).

Since ho_1(0*(a),07 1 (a)) > 0, v(o(a)) > 0, 1 < j < k, we obtain

2(t) = 2(0(a))has (t @)[o(@)] (1 — )"

q

=D ha-r(0*(a), 0 (@)1 ({0 (@) (0 (a))
< 2(0(a))ha-1(0"(a), a)[o(a)] (1 — g)L°
Due to the fact that
o _ ([o*(a)] = [a)P "
i haca(o(@). )= Jim T
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i [T (@D
2 T(@) (@, )

(Gt = DA V i)

= 1i :
o Tgl@)  Tl(l— gt
~ —« hq \a— ~ ~ — oo ~141
e T T 1 ) (1= ) I (1= )
BT G 0@ ) )
b(1—or R Yo— N ko
B T ) (1 g Tyfa)
N N N (i
—0,

where we used limy_,o ¢°~% = 0, and

N RERT i B STt 0 B0 N Ot el

k—o00 (1 — qN> s (1 — qkil) Hzo(l - ql+z) (ga Cj) F@(Oo

Thus, we conclude

: _ o (a)
lim z(t) =0, te€ T, ).

t—o00 (¢,h)

The proof is complete. O

Lemma 3.9. Assume z(t), y(t) satisfy

(Vi) (1) < —(z(t)), te T\,
and
(VEwmy)(E) = —(y(1), teT] .

If 2(0(a)) < y(o(a)), then x(t) < y(t) for t € T}

Proof. The proof is similar to Lemma 3.5, and so we omit the details. O
Theorem 3.2. Assume x = 0 is an equilibrium point of equation (3.2). Assume there

exists a positive definite and decrescent scalar function V' (¢, z), and class-K functions 7,

v, and 73 such that

(=) < V(E2t) < wlle@l), teT, (3.11)
and
(VW) a() < —u(le@]), teT?L. (3.12)

Then equation (3.2) is asymptotically stable.
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Proof. From the inequalities (3.11), (3.12), we have
~o2(a
(Vi V)t a(t) € =3 (VE2(1), t € T7,5.

Consider the fractional difference equation

(T (E2(0) = =300 U 2(1)), ¢ € T,

when V(o(a),z(o(a))) < U(o(a),z(o(a))). By Lemma 3.9, we have V' (t, z(t)) < U(t, z(t)),
t e TZJ(:Z))- From the proof of Lemma 3.8, we obtain U (¢, z(t)) < U(o(a), x(a(a)))ﬁa_l(ak(a), a)

lo(@)]' (1 = §)'~* < U(o(a), 2(0(a)))hai(o(a), a)[o(a)]=*(1 — §)1=*, t € T(\5). Then
according to the definition of stability, we conclude that equation (3.2) is stable. Further-
more, from Lemma 3.8, we have lim; o V'(¢,2(t)) = 0. Since 71 € K, and the fact that
m(Jz@)]) < V(t,z(t)), we have lim; o 2(t) = 0. So, equation (3.2) is asymptotically

stable. The proof is complete. O]

4 Stability analysis of fractional difference equations

In this section, we will introduce some relevant results for the nabla (g, h)-fractional
difference equations. Initially, we will present some new lemmas, which will subsequently
allow us to extend the Lyapunov type results for the nabla (g, h)-fractional difference equa-
tions. Then, the sufficient conditions for stability of the nabla (g, h)-fractional difference

equations are presented.

Lemma 4.1. (See [22, Theorem 2.2]). Assume a, b > 0, and p, ¢ > 1 are such that

% + % = 1. Then the following inequality holds

1 1
ab < ~a? + -, (4.1)
p q

where equality holds if and only if a? = 7.

Lemma 4.2. Assume o € (0,1], z € R, t € ']T"(lq,h), and = "™ > 1, where m € {2k, k €

N;} and n € N;. Then the following inequality holds

(S ")) < pa” (O Vino)(t), ¢ € Th. (42)
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Proof. For 5 =1, the inequality (4.2) is clearly true. For 5 > 1, we need to equivalently
prove

L0 (VG 2) (8) = (CV ) (1) > 0, (43)

For a = 1, we have

B ) (V (gmyz) (t) — (Vgmz”)(t)
x(t) —z(p(t)  2’(t) — 2°(p(t))

_ Byl _
e =0 o)
(B 088(t) — AP (p(t) + 2°(6()
v(t)
>0,

where we used the following inequality

2’z (r) < 2P @)] - |2 (7)]

@n g —1 1

<= 2?1 (1)|7T + Gl (4.4)
= ﬁg 193ﬁ(t) + %ﬂ(ﬂ, t, 7€ T?q,h)'

For o € (0,1), using the integration by parts formula (2.7), we have

BN () (Vi) (1) = (CVin "))

— (1) / ot p(7) (Y (giy) () V7 — / ot p(7) (Y iguya™) (1) V7

a

= 82710 [halt (7)o, + / ot p(r))a(7) V]

a

[ttt [ heanstt a9




where h_q(0%(a),a) > 0, h_q_1(0¥(a),07 " (a)) < 0,1 < j < k—1, and v(0?(a)) > 0,
1 < j < k. The proof is complete. O

Corollary 4.1. Assume o € (0,1], z(t) > 0,t € T?th), and n € {2k + 1,k € N;}. Then

the following inequality holds

(V™) (1) < na" (O Vi) (1), t € Tq3). (4.5)

Corollary 4.2. Assume « € (0, 1], and m € Ny. Then the following inequality holds

(CVm (1) < 270 D@V ) (1), e T, (16)
Theorem 4.1. Assume x = 0 is an equilibrium point of equation (3.1). Then, for

B ="22>1, where m € {2k, k € N;} and n € Ny, if the following condition is satisfied

PN f(t (1) <0, te TS,
then equation (3.1) is stable. Also, if
() <0, teT(S), Ya#0,

then equation (3.1) is asymptotically stable.

Proof. Let us consider the following Lyapunov function, which is positive definite:

Using Lemma 4.2 gives us
(EVEmVI) < 2P ) (Vi) (1) = 277 () f(t.2(1) < 0.
Hence, by Lemma 3.1, we have

V(t,z(t) < V(a,z(a)), t€Tf,,,
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that is,
2P (t) < 7% (a)
B- B

According to the definition of stability in the sense of Lyapunov, we obtain equation (3.1)

is stable in the sense of Lyapunov.
If
2T f(t2(t) <0, te TR, ¥ a0,

similar to the above step, we can show equation (3.1) is stable. Then, according to Lemma
4.2, we have (aCV‘(J‘q’h)V)(t) < xﬂ_l(t)(aCV?‘%h)a:)(t) < 0, that is, the fractional order (¢, h)-
difference of V' is negative definite. According to Theorem 3.1 and the relationship between
positive definite functions and class-KC functions in [23]. We obtain that equation (3.1) is

asymptotically stable. The proof is complete. O

Lemma 4.3. Assume a € (0,1], z € R, ¢t € ']NI‘Z](‘;Z)), and 8 =

N;} and n € N;. Then the following inequality holds

33

> 1, where m € {2k, k €

(Vi) () < B2 (Vi) (t), ¢ € T, (4.7)

a)
q7

)-
Proof. For 5 =1, the inequality (4.7) is clearly true. For 5 > 1, we need to equivalently

prove
B () Vi) (1) — (Vi 2”) (1) > 0. (48)

For o = 1, the proof of this result is similar to the proof of Lemma 4.2. For a € (0, 1),

using Lemma 2.1, we have

B () (V@) () = (Vi) (1)

= 55570) [ heas(t o))V = [ heans o) (1) V7

a

ELD (8= Dhoya(0*(a), 0 (@) (0 (@) (0" @)
£ 3 I (04(0), 07 (@) [0 (04 (@)l (@) — (0 () (0 @)
(4.4)

k
> (8 —1)z°(c*(a)) Z h—a-1(0"(a), 0" (a))v(07 ()
= (8 — 1)2’(0"(a))h-a(0"(a), )
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>0

- ?

where h_q(0%(a),a) > 0, h_q_1(0¥(a),07 7 (a)) < 0,1 < j < k—1, and v(0?(a)) > 0,
1 < j < k. The proof is complete. O

Corollary 4.3. Assume « € (0,1], z(t) > 0, t € ']I'( ,and n € {2k + 1,k € N;}. Then

the following inequality holds
(™) (1) < 2" (1) (Vi) (1), 1€ T, (4.9)

Corollary 4.4. Assume « € (0, 1], and m € N;. Then the following inequality holds

(V2™ ) (1) < 270" D (1) (Vi ) (1), T T, (4.10)
Theorem 4.2. Assume x = 0 is an equilibrium point of equation (3.2). Then, for

=" >1, where m € {2k, k € N;} and n € Ny, if the following condition is satisfied

O f () 0, ¢ e T,

N

then equation (3.2) is stable. Also, if
2PN f(t x(t) <0, t€ ']I‘ YV a#0,
then equation (3.2) is asymptotically stable.

Proof. Let us consider the following Lyapunov function, which is positive definite:

Using Lemma 4.3 gives us
(Vi V)(E) <27 (DY inn) (1) = 2" (O F (1, 2(1) < 0.

By Lemma 3.6, we have

that is,




According to the definition of stability in the sense of Lyapunov, we obtain equation (3.2)
is stable in the sense of Lyapunov.
If
P f(t () <0, teT)\W, Va0,

similar to the above step, we can show equation (3.2) is stable. Then, using Lemma 4.3, we
have (,V{, ,)V)(t) < 2PL(t) (aV{,n®)(t) <0, that is, the fractional order (g, h)-difference
of V' is negative definite. Using Theorem 3.2 and the relationship between positive definite
functions and class-K functions in [23]. We conclude that equation (3.2) is asymptotically
stable. The proof is complete. O

Remark 4.1. If z(t) > 0, then the power rules in Lemmas 4.2 and 4.3 hold for § > 1. In

m

particular, the assumption § = (m € {2k, k € N;} and n € N;) is no longer required.

5 Numerical Results

Now, we give some numerical examples to illustrate the application of the results

established in the previous sections.
Example 5.1. Consider the following nabla (g, h)-fractional difference equation
(VL )(E) = ~2(0). 2(0) = 0.4, (5.1

where a =09, a=0,g=h=1, 2 € R, t € T?;(Z)), and this difference equation has the

trivial solution x(t) = 0.

We can see that

for g = % Thus, from Theorem 4.1, equation (5.1) is stable, as it can be seen from Figure

5.1.
Example 5.2. Consider the following nabla (g, h)-fractional difference equation
(Vimo)(t) = —2°(t), =(1) = 0.4, (5.2)
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Figure 5.1: Stability of x for a = 0.9.

where « = 0.9, a=0,g=h=1,z e R, t € 'IN[‘?:%), and this difference equation has the
trivial solution x(t) = 0.

We can see that

for g = % Thus, from Theorem 4.2, equation (5.2) is stable, as can be seen from Figure

5.2.
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Figure 5.2: Stability of x for a = 0.9.

25



6 Conclusion

This paper gives stability theorems for discrete fractional Lyapunov direct method for
the special nabla (g, h)-fractional difference equations. Furthermore, some new lemmas are
presented that allows establishing a broader family of Lyapunov functions to determine the
stability of the nabla (g, h)-fractional difference equations. As a result, we give sufficient
conditions for these equations to be stable or asymptotically stable. In addition, some

examples are given to show the established results.
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