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Abstract: The possibility of producing more hydrogen during p-alkali atom collisions is discussed. The coupled static
approximation is modified for the first time to make it applicable to the multichannel problem of the collisions of p-alkali
atoms. The formation of H (1s) and excited H (in 2s- and 2p- states) in the scattering of p-Li atoms is treated to test
the convergence of our method. The modified method is used to calculate the total cross-sections of seven partial waves

in a range of energy between 50 and 1000 keV. Our p-Li results are compared with earlier ones.
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1. Introduction
The most interesting phenomenon in quantum mechanics is the intermediate states that appear in a nuclear
reaction. Most theoretical and experimental studies of proton-atom interactions have been discussed in the last
decade by many authors. They calculated the total cross-sections of the interaction. Banyard and Shirtcliffe
[1] discussed p-Li scattering using continuum distorted wave (CDW) approximation. Ferrante and Fiordilino
[2] studied p-alkali atoms using eikonal approximations. Daniele et al. [3] reported the total cross-sections for
p-alkali atom collision using eikonal approximation. Ferrante et al. [4] also investigated the total H-formation
cross-sections in p-alkali atoms using Oppenheimer—Brinkman—Kramers (OBK) approximation. Fritsch and Lin
[5] studied p-H atom collisions using the coupled-state calculations method. Choudhury and Sural [6] studied
p-alkali atom (Na, K, Rb, Cs) collisions in the wave formation of impulse approximation at energies ranging
from 50 to 500 keV. Tiwari [7] reported the differential and total cross-sections in H-formation in the collision
of p-Li and p-Na atoms using Coulomb-projected Born approximation.

The present work explores the possibility of producing more hydrogen through p-alkali atom collisions.
In the present paper, the coupled static approximation (CSA) method, which is used by Elkilany [8-11], is
modified to make it applicable to discuss the multichannel coupled static approximation (MCSA) problem (n =
4) of the collision of p-Li atoms at intermediate energies of the projectile. A numerical procedure is generalized
to solve the obtained multicoupled equations. Throughout this paper Rydberg units are used and the total

cross-sections are expressed in units of ma2(= 8.8 x 10717¢m?) and energy units of keV.

2. Theoretical formalism

The MCSA of protons scattered by alkali atoms may be written as (see Figure 1):
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Figure 1. Configuration space of p-atom scattering: Z; and 7; are the vectors of the proton and the valence electron
of the target with respect to the center of mass of the target, p; is the vector of the proton with respect to the valence
electron of the target, &; is the vector of the center of mass of H from the target, and My is the mass of the nucleus
of the target.

p+ A Elastic channel ( first channel)

p+ A= . ’ (1)
H(nt) + AT H(nf) formation channels ((n—1) — channels)

where p is the proton, A is an alkali target atom, H(nf) is hydrogen formation in nf-states, and n is the
number of open channels.

The Hamiltonian of the elastic channel is given by:

1
2pr

2 1
Vi o+ Velrn) = 5 - Va4V (), (2)

1
H=H®Y = Hp — —v2 +V ) (z)) = -
1 21

2//[/ int
where Hrp is the Hamiltonian of the target atom. pr is the reduced mass of the target atom.

i 1 G 1 2 1 i )
H = HY = Hi— o = Vo 4Vl (00) = =5 Vi = = 5 Vo Vi (o), = 2,34, (3)
The Hamiltonian of the (n-1)-rearrangement channels are expressed by:

Here, H;, i = 2,3,4,...n are the Hamiltonians of the hydrogen formation atoms, H(nl), respectively.

Wiy © = 2,3,4,..n are the reduced masses of (n — 1)— channels, respectively.

V.(r1) is a screened potential and Vi(nlt)(acl) is the interaction potential of the first channel, given by:

%(7”1) = ‘/cCoul(rl) + ‘/ce:r (7’1)7 (4)

where Vecoui(r1) and Viey(r1) are the Coulomb and exchange parts of the core potential, respectively (see ref.

[11]), and

2 2
v (2)) = 2~ o T Vecou(@r) where Vecou(1) = =Vecou(ry), (5)
1 1

and Vlgzz (0;), is the interaction between the two particles of the considered hydrogen formation and the rest of

the target, which is given by:

i 2 2 )
Vil(o) = =~ = 4 Vecoul (i) + Vecout (i) + Veea (ri), i = 2,3,4, ..n. (6)

int x; r;
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The t()tal energles E ()f lhe n—ChannelS are deﬁned by.
7 2/,[, 7 1 » < "'n7

where —k% is the kinetic energy of the incident proton relative to the target and 5 k2 1 =2,3,4,...,n are

the kinetic energy of the center of mass of the hydrogen formation atoms, H(nf), respectlvely, relative to the
nucleus of the target. Fj is the binding energy of the target atom, and E;, i = 2,3,4,...,n refer to the binding
energies of the hydrogen formation atoms, respectively.

In MCSA, it is assumed that the projections of the vector (H — E)|¥) onto the bound state of the

n-channels are zero. Thus, the following conditions are satisfied:
(®;|(H—-E)|¥)=0, :=1,2,3,...,n. (8)

The total wave function |¥) is expressed by

U= Z |divi), 9)

Y1 = S0+ 1) M (@)Y (d), (10)

£
§:£€+1 Do) Y2(63), i=2,3,..n, (11)

where fe(l) (z1) and géi)(ai), i =2,3,...n are the radial wave functions of the elastic and the hydrogen formation

atoms, respectively, corresponding to the total angular momentum £.Y?(z1) and Y(6;) i = 2,3,...,n are the
related spherical harmonics. Z; and 6;, i = 1,2,3,...,n are the solid angles between the vectors Z1,6;, i =
2,3, ...nand the z-axis, respectively. ¥;, ¢ = 1,2,3,...n are the corresponding scattering wave functions of the
n-channels, respectively. ®; is the wave function for the valence electron of the target atom, which is calculated
using ref. [12]. ®;, 4 =2,3,4,...,n are the wave functions of the hydrogen formation atoms, H(nf), respectively,
which are defined using a hydrogen-like wave function.

Eq. (8) can be solved by considering differential equations

d? 0+ 1 n
o~ A D @) = 2 U @) £ 1) + 3 Qo). (12)
1 1 a=2
2 +1 0 ", ,
[ - (02 ) 4 121000 = 21 UL (000 (00) + 3 Qualon), i = 2,3,y (13)
[ 7 a=1

where the prime on the sum sign means that i # «, and
oo
Q10 (1 :/Km X1,04) é )(aa)daa,a:2,3,...,n, (14)
0
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Qi (o) / K., (00 20)f D (21)das, i = 2.3,. (15)
0

Qialo;) = /K (0i,00)9 )(Ua)d(]'a, L,a=23,..,n,1%#a. (16)
0

Kernels K;,,1=1,2,3,...,n,i # a are expanded by:

1 Q1 002 \1rO(A N A A
Kiaan,0a) =2 (82100) [ [ @100, ()5 (V2, 4K + V1Y (00) Y7 (Gu)dindon, (17

a=2,3,..n,

1 N 0/~ NP
Ki(oi, 1) = 2#1‘(801331)// ‘Pi(pi)cpl(rl)[—m (Vi1 +E2) + Vf,?] Y7 (6:) Y7 (21)d6:d3q, i = 2,3,..n, (18)

1 a
Kialoi,70) =2pi(Scta) // (0 @, (0o 5, (Vi +12) + V)Y (60 Y7 (6u)dondoa, (19)

o= L1 .

The static potentials US)(QH) and US) (04), 1 =2,3,...,n are defined by

(@)

int

U (1) =< @1(r) [V |@1(r1) >, U (03) =< @4(p;)

Egs. (12) and (13) are inhomogeneous equations in z;, and oy, i = 1,2,3,...,n, and possess the general form

(e — Ho)lx >= [n) (21)

where ¢ is k?(i = 1,2,...,n). Hp is —% + Z(?;l) or d e WH) i=2,3,..,n. |x) is ‘fél)(x1)> or
1 1

‘ g, (o; > |n) is the right-hand side of the coupled integro-differential equations, respectively.

The solutions of Egs. (12) and (13) are given (formally) by the Lippmann—-Schwinger equation in the

form
|X>:|X0>+Go|n>a (22)

where G is the Green operator (¢ — Hy)~! and |xo) is the solution of the homogeneous equation
(€ = Ho)lxo) = |0), (23)

Using Green operator Gy, the solutions of Egs. (12) and (13) are given formally by

. 1 OO~
) (1) ={651 + " /ge(klxl)[ml U (@) fi () + Z QY (@1)]der} fe(kizn)
! 0
{—*/fe (k1) (2 U (@) £ (1) + ZQ (z1)ldz1}ge(kre1), 5 = 1,2,3, .. (24)
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(’L 7) ( ki/ k Jz 2#1 (7/) (01) gélﬂ)(O_l) + Z/Q'La(o—i)]do—z}ff(kzo—l)
0 a=1
+ 1 i fo(kioi)[2 .(i)( ) (l}j)( ) - /Q(j)( Ndoi}go(kio:) (25)
{—ki f@ 1074 [ Hi g 0i)9y 0;) + z:l ia O3 ] Uz}gf 104 ),
0 o=

i=23,..n j=1,23,....n

where ¢;;, 9, j = 1,2, 3, ..., n specify two independent solutions for each of fe(l’j)(axl) and géi’j)(ai), 1=2,3,...,m,
according to the considered channel. The functions f, () and g, (), n = kiz1, or n = kio; i = 2,3,...,n are

related to the Bessel functions of the first and second kinds, i.e. j; () andy; (n), respectively, by the relations

Fi(n) =03, (n) and g, () = —mYy; ().
The iterative solutions of Eqs. (24) and (25) are calculated by:

X1

I,V 1 v— v—
£ () :{5j1+k—1/ge(k1x1)[2mvﬁ”( D) S @ +ZQ(J’ Y (21)]da1 } fo(kyar)

0

X1
1 ~ J,U— W=
g [ Rz v (@) 1 +§jcz] Ve)dr}ge(kim), (26)
0

7=123,..,nv>1.

i

Ge(kio) 2 UG (00) g5 (00) + QL (00))dor} Fo(kiors)

a=1

" 1
gl (i) ={05 + T

T

°o—

i

>

1 i v -

kf / é k Uz 2#1 s(t) (Uz) (g Uz + Z Q G, ) Uz)]do'i}gﬁ(kio'i)a (27)
0 a=1

i=23,..n,j=123 ... nwv>0.

Here, X1, ,;, i = 2,...n specify the integration range away from the nucleus over which the integrals of Eqs.

(26) and (27) are calculated using Simpson’s expansions.

Taylor expansions of Us(tl)(zl), fe(kiz1) and ge(kiz1) are used to obtain the starting value of f 1.3:0 (9:1)
(see ref. [11]).

Equations (26) and (27) can be abbreviated to the following:
fél’j’y) (z1) = a(lj"/)fg(klxl) + b(lj’y)g}g(klxl),j =1,2,3,.n5v >0 (28)

97 (07) = a) fulkios) + b7 Go(kioy), i =2, .on,j = 1,2,3, ;0 > 0 (29)

The preceding coefficients of Egs. (28) and (29) are elements of the matrices a¥ and p? , which are given by:
= 4/ 2/“’?711 /kz agj,U)
(bv)ij =V 2lu’mz/kl bl('j,v)ai7j = 1727"'777’7” >0

; (30)
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and we can obtain the reactance matrix, RV, using the following relation:
R =b"(a")"", v>o. (31)

The partial cross-sections in the present work are determined (in 7a3) by:

2

42041
&) — 4@20+1) , 4,j=123,..,n, v>0 (32)

ij k% 17

)

where k; is the momentum of the incident protons, v is the number of iterations, and T}; is the elements of

the n X n transition matrix T, which is given by:

T =R (I-iR")"", v>0, (33)

where RY is the reactance matrix and [ is an n X n unit matrix and 7 = +/—1.

The total cross-sections (in 7a3 units) can be obtained (in the vth iteration) by:

o, :Zagv), i,j=1,2,3,...,n, v>0 (34)
=0
3. Proton-lithium scattering

As an application of our MCSA, we are going to apply the above method in the case of n = 4 (four-channels

CSA) to the scattering of p-Li. Our problem can be written in the following form:

[ p+ Li(2s) Elastic channel ( first channel)

H(1s)+ Li* H(1s) formation channel ( second channel)
p+ Li(2s) = (35)
H(2s) + Li™ H(2s) formation channel ( third channel)

H(2p) + Li™ H(2p) formation channel ( fourth channel)

®4(r1) is the valence electron wave function of the target (lithium) atom, which is calculated using Clementi’s

tables [12], and ®;(p;), i =2,3,4 are the wave functions of the hydrogen formation, which are given by:

1 1 1
Py = —exp(—p2), P3=—=(2— exp(—p3/2) and &y = ——=pycosb,, ,, exp(—ps/2). 36
2= 7 p(—p2) 3 \/ﬂ( p3) exp(—p3/2) 1= J5aa1 08O p(—pa/2) (36)

4. Results and discussion

We start our calculations on p-Li scattering by testing the variation of the static potentials Uq(t1 )(xl) and

US(:)(O'Z'), 1 = 2,3,4, of the considered channels with the increase of z1,0;( i = 2,3,4). In the second step,
we consider the integration range, IR, to be 32ag with Simpson’s interval of 0.0625 to obtain the considered
integration. It is found that excellent convergence can be obtained with Simpson’s interval of A = 0.0625,
n = 512 points, and v = 50. We have calculated the total cross-sections of p-Li scattering corresponding to
0 < ¢ < 6 at incident energies between 50 and 1000 keV. The Table shows the present total cross-sections of

162



ELKILANY /Turk J Phys

L0-H9TLZ | L-HITTLT | 8-H99E'6 9-1906'¢ | 9-H6TST'C S-l681°C | S-A6EI0C | 0001
L-HAETVEE 9-HG£00°€E GHLG9S°C | 0S6
LHLTSS T 9-HEL6E T G-{S600°¢ | 006
L-HTLEY S 9-,95€°G G-€890% | 098
L0-AF09°L | L1659 | L-HSLTT 9-ATTL L | 9HLISS9 G-{8LL°G | ¢ HT1E€TES | 008
L-GE88'8 9-AVLIS 6 G6£L98 | 0SL
9-£280'T C-H1L6S T y-8GEZ’T | 00L
9-HLEFS T GHEPIET 729291 | 089
9-G6ET T Rl TS ¥-19250°C | 009
9-HdE6LTE C-HzL80'F v-SHE9T | 0SS
90-ATGL'G | 9-HG00LF | L-HSTS'6 G-HZIZ'S | SHEIIS T P-H8L8E | PSS8SS’E | 009
9-H198.°8 G-H92L9°8 v-H8T6LS | 0SF
GHLI6ET PGPS T €-229¢’T | 00F
G-HELIOT P-HF9SE T ¢-lTeee’T | 0S¢
G-192£5°9 | 9-H6SY'S P-HTERS e ¢9165°¢ | 008
G-7290°6 | S-HLTE'T $-16860°9 eHLETYS | 05T
PO-HLIF'T | $-HEE0C' T | G-HF6CE ¢-A8C | € HSYOT | PHLET6'S | FTHGFTOS | €HELST | £H99T'S | €-HIFTSL | 00T
7469251 | 7-AV6T T e-6'F e-HGETTT THLGLT'T | 0ST
P-Ie9eS°e | F-HIFL9 ¢-H0'T e-EG98' Y | €HLV6SF | £HFS9 22,961 | 001
PHLELT'S | £-H96S°E 1-4G°9 £-A1950°6 THESLIT 0¢
(dg) (>190) (Man) (Teuoyo) (>190) (Man)
[1] VLo (adon) (sz) (sz) £Lo (s1) (s1) (s1) ¢to
OPIOHMIYS (d3)H (sz) k4 [1] (se)d €] [a] (1] (ST)H | A
pue JuesaIJ [L] | ourpiorg | opIPIIYS 1U9SAIJ ‘e 19 pue | apIOIIYS JuesaI .
predueg LIRMIT, pue pue S[eTUR(] | 9jURIIO pue
QIURLIO preAueg preduegq

‘2] pue ‘[g] ‘[g] ‘[1] Jo symsox oy yym Burreyyess r7-d Jo (Yvx ur) vio pue ‘€lo ‘elo yuesald ‘O[qEL
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p-Li scattering with those of Banyard and Shirtcliffe [1], Ferrante and Fiordilino [2], Daniele et al. [3], and
Tiwari [7] in the energy range of 50-1000 keV. Our results and the available compared results in the range of
energy of 500-1000 keV are also displayed in Figures 2-4. In Figure 5 we also show the present results of the
total cross-sections of the four channels (elastic and the hydrogen formation (H (1s), H (2s), H (2p)) in the
same range of energy (50-1000 keV). The present values of the total cross-sections of the four channels have
trends similar to the comparison results. Our values of the total cross-sections of the four channels decrease
with the incident energies. The calculated total cross-sections o159 of H (1s) are about 7.85%-8% lower than the
results of Banyard and Shirtcliffe [1]. The total cross-sections o3 of H (2s) are about 11.1%-15.6% lower than
those of Banyard and Shirtcliffe [1]. Our results of the total cross-sections 14 of H(2p) are about 13.5%-18.3%
lower than the available values of Banyard and Shirtcliffe [1]. We also noticed that the available compared
results of Ferrante and Fiordilino [2], Daniele et al. [3], and Tiwari [7] are higher than our results. The present
calculations show that we have more H-formation if we open more excited channels of hydrogen formation in

the collision of protons with lithium atoms. The present calculated total cross-sections have the same trend as

> Y T . . T ”‘%} 6.0x107 T T T T

ié OO * Present o 5.0x1073 ° Present
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Figure 2. o12( inwa?) of p-Li scattering with those Figure 3. o13( in 7a3) of p-Li scattering with those of

Banyard and Shirtcliffe [1].
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the comparison results and give good agreement with the available previous results of Banyard and Shirtcliffe

).

5. Conclusions

p-Li scattering was studied using MCSA as a four-channel problem (elastic, H(1s), H(2s), and H(2p)). Our
interest was focused on the formation of ground, H(1ls), and excited hydrogen, H(2s), and H(2p) in p-Li
scattering. The difference between the four-channel problem and the three- or two-channel problems is in
improving the total cross-sections of the considered channel by adding the effect of more kernels of the other
three channels (in the two-channel problem, we have only one kernel, and in three channels, we have two kernels),
which give more H-formation in the considered states. We expect that we can obtain more hydrogen formation

if we open more channels in our calculation, which we will consider in future work.
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