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Abstract: In this paper we study the Caputo and Riemann-Liouville nabla (g, h)-fractional difference equation and

obtain the following two main results:

Theorem A Assume 0 < o < 1 and there is a constant b such that c(t) < b <0, for t € T . Then any solution,

(g,h)"
z(t), of the nabla Caputo (q,h)-fractional difference equation
Cga _ )
a V(Q,h)x(t) - C(t)x(t), te T(q,h) (01)
with x(a) > 0 satisfies
lim z(t) = 0.
t— o0
Theorem B Assume 0 < a <1, ¢(t) <0, te 'ﬁ‘i%) , and x(t) is a solution of the equation
~02
Vigma(t) = c(t)z(t),  te Ty, (0.2)
satisfying z(o(a)) > 0. Then z(t) >0, t € ﬁzfq(?h)) and
tli{]élo z(t) = 0.

Theorem A and Theorem B extend the results in other recent works of the authors.

Key words: Nabla fractional difference, (g, h)-calculus, monotonicity, asymptotic behavior

1. Introduction

In recent years, fractional calculus has attracted increasing interest. Although several results of fractional
differential /difference equations are already published [1-6, 13-16, 22, 23, 25-30, 32, 33, 35, 4044, 46, 47], the
development of a qualitative theory for fractional difference equations is still in its beginning due to the memory

effects of fractional operators.

*Correspondence: qinjin65@126.com

2010 AMS Mathematics Subject Classification: 39A12, 39A70
This work was supported by the National Natural Science Foundation of China (No. 11271380) and the Guangdong Province Key
Laboratory of Computational Science.

2214

0 This work is licensed under a Creative Commons Attribution 4.0 International License.



https://orcid.org/0000-0003-4725-377X
https://orcid.org/0000-0002-9644-0160
https://orcid.org/0000-0002-4095-8921
https://orcid.org/0000-0003-4820-7521

DU et al./Turk J Math

The extension of the basic notions of discrete fractional calculus to the (g, h)-calculus setting appear
in [10, 12]. The (g, h)-calculus reduces to discrete nabla-calculus (see [18, Chapter 3]) when ¢ = 1 = h and
g-difference calculus (quantum-calculus) (see[18, Chapter 4]) when h = 0. Some interesting results concerning
fractional (g, h)-calculus can be found in [36-38].

In 1996, Matignon [34] gave a classical stability condition for homogeneous linear fractional differential
equations. This criterion was developed by several authors. In [31], Chen et al. proposed a fractional Lyapunov
direct method. Later, Chen et al. [13] used the Schauder fixed point theorem in the asymptotic stability of
nonlinear fractional difference equations. In 2013, Cermak et al. [11] investigated the stability regions for linear
fractional difference systems using Laplace transform. In 2015, Jia et al. [25] established comparison theorems
to extend the corresponding asymptotic result in [4]. In 2016, Mozyrska et al. [35] presented linearization to
decide the stability of fractional difference systems. In 2017, Jia et al. [20] constructed a Liapunov functional
to decide the stability of fractional (g, h)-difference equations.

Some efforts have been made in stability of nabla fractional g-difference equations [19, 25] and nabla
fractional h-difference equations (see [11, 21], [39, Chapter 6]). Other efforts have been made in stability of
delta fractional difference equations (h = 1) [9]. However, [20] is the only result on the asymptotic behavior
of nabla fractional (g, h)-difference equations. The formal solutions (when ¢(t) = A is a constant) of (0.1) and
(0.2) are given through (g, h)-Mittag-Leffler function (see details in [10, 38]),

AkﬁakJrBfl (ta S)u

M8

S\
Ey5(t) =

bl
Il

0

which converges (absolutely) if |A| < (v(¢))~®, which means A only can be zero when ¢ > 1 and h > 0 (since
tlim v(t) =00, t€ ']I‘EZ n) ). This illustrates that there are substantial differences between the h-time scale and
—00 )

g-time scale (or (g, h)-time scale). Thus, we cannot directly use (g, h)-Mittag-Leffler function to study their
asymptotic behavior.

The aim of this paper is to further investigate asymptotic stability of the nabla fractional (g, h)-difference
equations. Theorem A is motivated by Jia et al. [23], who obtained asymptotic results for the nabla Caputo
fractional difference equation

Vy.x(t) = c(t)z(t), t € Ny, (1.1)
z(a) > 0,
where 0 < v < 1, ¢(t) < by < 0, and motivated by Baleanu et al. [6], who obtained the solution’s monotonicity
for A < 0 and asymptotic stability of fractional Caputo-like h-difference equation
CALu(t) = Mt +vh), 0<v<1, te (hN)oyamn, (1.2)
u(a) > 0.
Theorem B is motivated by Jia et al. [25] and Goodrich and Peterson [18], who obtained asymptotic results for

the nabla fractional ¢-difference equation
Vo px(t) = c(t)x(t), t e g™, (1.3)
z(1) > 0,

where p = ¢~ 1, ¢(t) <0.
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This paper is organized as follows. In Section 2, some preliminaries about (g, h)-discrete time scales
are introduced. In Section 3, Theorem A is proved and we show that the solution of the nabla Caputo (g, h)-

fractional difference equation
SV?‘q)h)x(t) =c(t)z(t), ct)<b<0, 0<a<l,

has similar asymptotic behavior with the solution of the ordinary nabla Caputo difference equation
aCV‘(J‘Ll)m(t) =c(t)z(t), c(t)<b<0, O0<a<l.

In Section 4, Theorem B is given and we show that the solution of nabla (g, h)-fractional difference equation

aV(“q h)x(t) =cz(t), ¢<0, 0<a<1, has similar asymptotic behavior with the solution of the first-order

nabla g-difference equation V,z(t) = cz(t),c < 0,t € ¢™ . Four numerical examples are given in Section 5 and

asymptotic stability of numerical solution is shown to support our the qualitative analysis.

2. Preliminaries

First we introduce some notation used in (g, h)-calculus (see [10] and [12]). For any real number o and

g>0,g#1, weset [ofg = q;__ll . Then we have the g-analogy of n! in the form [n],! := [n]4[n —1]4---[1]4
for n=1,2,---, whereas for n =0 we put [0],! :=1. If ¢ =1, then [a]; := a and [n];! becomes the standard

factorial. Further, the ¢-binomial coefficient is introduced by use of relations

[aL, [ogla =1z - [a —n+1]g (2.1)

where o € R and n € Ny. The extension of the g-binomial coefficient to noninteger value n is allowed via the
I';(t) function defined for 0 < ¢ < 1 as

(@, Dol =)' .
@ D 0<g<l, (2.2)

Fq(t) =

where (a,§)oo = H;io(l —ag’) and t € R\ {0,—1,—2,---}. It is easy to check that ['; satisfies the functional
relation T'(t + 1) = [t]4I'3(¢) and I';(1) = 1. The g-binomial coefficient was introduced as

= , eR, keZ. 2.3
[kL T+ O)lg(x—k+1) (23)
From (2.1), it is easy to derive the recursion formula
1, _ 1— qx+1—k JU T B
e I IR [ »
q q q
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The g-analogue of the power function is introduced as

(a) a (S/tvd)w -
t— ) —po 20T 20 0<G<1,acR.
=) = st 7

For a = n, a positive integer, this expression reduces to

n—1

(t— o) = J[A-@2).

: t
7=0

We consider here the (g, h)-time scale (for details, see [10] and [12]):
T = {toq" + [k];h, k € Z} U N to>0,g>1,h>0,g+h>1
(¢,h) — 04d ql l—q 5 L0 q = L, =2 U, q .

Note that if ¢ = 1 then the cluster point h/(1 —¢q) = —oco is not involved in T% , .. The forward and backward

(g,h)

jump operator is the linear function o(t) = qt + h and p(t) = ¢~ (t — h), respectively. Similarly, the forward
and backward graininess is given by u(t) = (¢ — 1)t +h and v(t) = ¢~ u(t), respectively. We use the standard

notation
) = H(o(t), ) = o (), R =0,1,--
It is easy to show that
oH(t) = "t + [gh and g (t) = ¢H(t = [K],h).

The relation
v(p" (1) = ¢ Fu(t)

t
holds for t € T(?;,h)'

Let a € T

() &> h/(1—q) be fixed. Then we introduce restrictions of the time scale TE; ny Dy relation

) B "
Tigny = € TG n):

t>o'(a)}, i=0,1,---,
where the symbol ¢ stands for the ith iterate of o (analogously, we use the symbol p’). To simplify the
notation, we put ¢ = 1/¢ whenever considering the time scale ng’h) or '}NI‘E';)(;)).

The nabla (g, h)-derivative of the function f : ']I"E; n R is defined by

_ SO = fe®) _ f®) — flat—h))
Vi /= =y = T gt

where G = ¢~ .

The power functions and the nabla fractional (g, h)-Taylor monomial of degree o on ']I‘Eg . (see [10]) are

defined by

(t— )2 = (1) = DS, (2.5)
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- (t = 9)gn
= Y@k R 9.
ha(t7s) Fq(O{ + 1) ) a € K, ( 6)

respectively, where the square bracket of ¢, [t] is defined by
[t] :=t+ hg/(1—q). (2.7)
It follows that

v(t) == [)(1 - §). (2.8)

The following definitions appear in [10].

Definition 2.1 Assume x : T‘(Tq((z)) — R and t = 0c™(a), n > 1. Then the nabla (g, h)-integral of = from a to t
is defined by

/ 2(r)Vr =Y a(o'(a)v(o'(a))
a =1

with the standard convention that f:l‘(T)VT = 0. We also define the nabla (g, h)-fractional integral of order

a>0 by
t

av@?‘h)x(t) 3:/ ha-1(t, p(7))z(T)VT. (2.9)

a

Definition 2.2 The nabla (q,h)-fractional difference (in the Riemann-Liouville sense) of order a > 0 s
defined by

oV z(t) =V av(jlf;’;*%(t),

where m = [«]; that is, m is the ceiling of .
Definition 2.3 The nabla (g, h)-fractional difference (in the sense of Caputo) of order a > 0 is defined by

C - —(m—a)gm
a V?q’h)x(t) = aV(%h) V(q’h).f(t)

3. Asymptotic behavior for Caputo (¢, h)-fractional difference equation

From the definition of the g-gamma function (2.2), it is easy to prove the following lemma.

Lemma 3.1 (Sign of ¢-gamma function)
1. Ift >0 or x € (—2n —2,—2n —1),n € Ny, then I';(z) > 0.
2. Ifxe(—2n—1,-2n),n € Ny, then T'(z) <O0.

The following Figure 1 illustrates the above lemma.

The following lemma gives a very nice form of the Taylor monomials on TEZ, n) (see [10]).
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Figure 1. The g-gamma function on interval (—3,3), ¢ = 0.5.

Lemma 3.2 Let a € R,s,t € ']I"Eg py and n € No such that t = o™(s) Then:

«a +n-—1
halt,s) = (v(t)) [O‘nnl } (3.1)
Lemma 3.3 Let a € R,s,t € ']I"Eg’h) and n € Ny such that t = c™(s). Then:
(i) ha(t,t) =0, a#0.
(i) ho(t,s) =1, forneNy.
(#4) for k € Ny,
(v(t) ™", n=1,
hoi(t,s) = m—1—kan—2—ks[1—k; (3:2)
—k q q q
(v(t) — Cnem,

when 1 <k<n-—1 and n € Ny, h_j(t,s) =0.

Proof (i) If o« #0,—1,—2,--, then
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IfOé:*]_,*Z’..,,then

ottt = o) 7507 ]
=l [3(6 +0)
= Jim (V1) e
5 1
= lim /0 o
= 4im 0=0.

(11) If n= 07 then

If n € Ny, then

(iii) If n = 1, then

I
—

N
—~
~
S~—
S~—
|

B
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If n € Ng, then

h_p(t,s) = lim h_q(t, s)

Jiny
= o) [

= I O e

e SLE I S
— g =2t

Note that if 1 <k <n —1 and n € Ny, then ﬁ,k(t,s):(). O

Next we give nabla power rule formulas as an extension of results that appear in [24] and [25].

Lemma 3.4 Assume ¢>1, G=q ', a €R, and let t = 0™(s), n € Ny, where s € ']I"qu h - Then:

1. The nabla (g, h)-difference of the function iz_a(t,s) with respect to t is given by

tV((Lh)iL,a(t, S) = iL,afl(t, S)

2. The nabla (q,h)-difference of the function fz,a(t, s) with respect to s is given by

Vigmh-alt,s) = —h_a-1(t, p(s)).

Proof These results follow easily from Lemma 2.2 in [17]. O

Lemma 3.5 Assume c(t) < (v(t))™, 0 < a < 1. Then any solution of

OV, ma(t) =ct)a(t),  teTl) (3.3)

satisfying x(a) > 0 is positive on "E“(lq ny-
Proof Using integration by parts and
Sv(%h)h—a(tv 8) = *h—a—l(tv p(s)),
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we have

Def.2.3
acv(aq,h) SL‘(t) =

Vg TV gma(t)
t
Pef2.1 / ha(t, p(5))V (g 2(5) Vs
~ t/\
= Bt 8)a(s)] g + / s (£, p(s))2(3)V's

k
— ha(t@)z(@) + 3 e (0 (@) 2(o" (@) (@),
i=1
Taking t = o¥(a), k > 1, we have

OV () =SV ya(at(a)

= —h_o(t,a)z(a) + h_a_1(c"(a), ¥ (a))z (0" (a))v(c"(a))
+ Z hea-i(t,0" (@))2(o" (a))v(0" (a))

= —h_a(t,a)z(a) + z(0"(a)) (v(c*(a)))
= kz;l ha_1(t,0" " (a))z(0(a))v(o?(a)).

Using «(t) as a solution of (3.3), we get

1 .
(@) — c(o™(a)) {h“*(

(0" (a)) =

t,a)z(a)

k—1 R ) ‘ )
= Y heaato ™ @)l @)l (a) .
=1

Note that ) . Tk
hoa(t,a) = (V(t)) { o ] ~ (3.4)

for k> 1. A » ) et [ 1t p—i
B (t, 0" (a)) = (V(f)) [ L ] (3.5)

- ('/(t)) - Fq(l—l‘cq(—_ia++1])€F;(ila)

<0,

for1<i<k-—1.
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Using the strong induction principle, (3.4), (3.5), and z(a) > 0, it is easy to see that z(c%(a)) > 0 for
i € Np, where we use the convention 2?2—11 B 1(t, 0" (a))z(c"(a))v(c%(a)) = 0 for k < 2. O

The following comparison theorem plays an important role in proving our main results.

Theorem 3.6 Assume co(t) < c1(t) < (v(t))™%, 0<a <1, and z(t),y(t) are solutions of the equations

SV () = c(t)z(t), (3.6)
and
SV my(t) = ca(t)y(t), (3.7)

o(a)

respectively, for t € 'ﬁ‘(q ) satisfying x(a) > y(a) > 0. Then

z(t) > y(t),

for t e ’]I“(quh) .

Proof Similar to the first part of the proof of Lemma 3.5, taking ¢ = 0*(a),k > 1, we have

2(0*(a)) = ! {h_a(t,a)x(a) (3.9)

O'ka = L h a a .
e e R (RO (39
k—1

= Y heaa(to @ @)l (a) .
i=1
We will prove x(c*(a)) > y(c¥(a)) for k € Ny by using the principle of strong induction. By assumption
z(a) > y(a) > 0, so the base case holds. Now assume that z(c(a)) > y(c*(a)), for i =0,1--- k — 1.
Since ea(t) < c1(t) < (v(t))~ ¢,

h_o(t,a) >0

and

hog_1(t,c""Ya)) <0, forl1<i<k-—1.

From (3.8) and (3.9) we have
2(0*(a)) > y(o*(a)) > 0.

This completes the proof. O

The following result appears in [38].
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Lemma 3.7 (/38]) Let « € R and n € Z* so that n —1 < «a <n. Then
—a C
¥V gmya Vign@( th (t, @)V, pya(a).
Since ho(t,a) = 1 we get the following Lemma.

Lemma 3.8 Assume that 0 < a <1 and x(t) is a solution of the fractional equation

acv?q,h)x(t) = c(t)x(t), te ’]I‘E’(“))

satisfying x(a) > 0. Then z(t) satisfies the integral equation

+:/‘ﬁa_1@ﬁﬁsnc@)x@)V8.

Remark 3.9 Letting t = 0%(a),k € Ny, (3.12) can be rewritten explicitly as

2(a) + Y101 ha-1(0"(a), 0" (a)) (0" (a))v (0" (a)) 2(0" (a))
k

1= (v(o*(a)))*c(c*(a))
a—1+k— Z} (o (a)v(o'(a)) (o’ (a))

z(a) + S0 (v(oF(a)))* [ k—i
1= (W(o*(a))) (0¥ (a)) ’

(0™ (a)) =

for k > 1, where we used formula (3.1).

Lemma 3.10

Fi(n+ ) o -
lim L—— = (1— @ 1 R.
Jim T (n) 1-9 % 0<g<lac

Proof From Lemma 3.1, we know that if a € R, a,t € Tto

(h) and n € Ny such that ¢ = o™(a), then

ho(t,a) = (v(t))® {a I 1] )

n—1
B o ULgla+n)
= O F Gy Ty

Ti(a+n)

=0 =D T, ()

2224
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On the other hand, from (2.6),

7@)00
(Q'(H—n, )och Oé—l—l)
=[1]* (1*(ja+1)...(1fqa+nfl) H;io(l—(jj"‘l)
) 1-q)- Q=g Hlgla+1) H;io(l — totl)
(1 — (jaJrl) .. (]_ _ anrnfl) Fg(o& " 1)
1-q¢ - Q=g Hlg(a+1)(1—q)

= [1]”

S0
Pglat+n) (1—g**).--(1—grt

)~Ol
LW a-goa-g ety

Letting n tend to infinity, we have

(L— o)) (L gt
noe Ta(n) oo (1) (1- gm0

[, (1 =g

)Fq(a + 1)

= = — Ts(a+1
Hj:O(l — gt al )
(@, @)oo
= fl—‘” a+1
(@, 7)o il )
— (-9
O
Remark 3.11 Note that
lim Lgla+n) =(1-9
n=oo Tg(n)

It follows that
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so this limit can be regarded as the q-analogue of the Stirling formula (see [45])

T
lim (z +a) =

i P

Considering the monotonicity of the solution for the following linear Caputo fractional difference equation,

gV?‘q)h)x(t) = cz(t), ¢ <0, (3.15)
we have the following result.

o(a)

Lemma 3.12 If x(t) is a solution of equation (3.15), z(a) >0 and c <0, then V(g pyz(t) <0 for t e ’ﬁ‘(th),

Proof Letting t = o(a), from (3.12), we get

2(0(a)) = (a) + ha-1(0(a), a)cz(o(a))v(o(a))
z(a) + cx(o(a))v(o(a))

< z(a),

where we use ho_1(o(a),a) = (V(U(u)))ail , (o(a)) > 0 (from Lemma 3.5), and ¢ < 0

If Vignx(t) <0, for t e 'fF‘(T:(ha)), this completes the proof.

If not, we assume that there exists two points t; = 0™ (a), ta

oc™(a),t1 < t2,1 < n < m such that
Vigma(oi(a)) <0 for 1 <i<n<m and V(g pz(o'(a)) >0 for n+1<i<m.

acv((xq,h)x(tl) - acv((]q,h)x(tQ)

:/1ﬁ,a(tl,p(s))v(q’h)x(s)Vs—/2iL,a(t27p(s))V(q7h)m(s)Vs

_ / " (ﬁa(tl,p(s)) - Ea(tg,p(s))> V() 2(5)Vs

Since

m—1

= (v(o™(a))) - [‘0‘ m = ’] ~

m —a Tg(—a+m—i+1)
(”<" (“))) Ta(m—i+ )5(1—a)
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for ¢ < m, similarly, we have

h_o(c™(a),0"  (a)) >0, fori<n.

Note that

oo (@), 0" (@)

h_a(o™ (@), 0 1(a))

_(wt)™ Dg(matn—it+l) Tgm—i+1)l(1—0a)

()™ Tin—i+ DIl —a) Ti—a+m—i+1)

_ ()™ Tg(—at+n—i+1) Tgm—i+1)

C (w(t)™™ Ti(—a+m—i+1) Tin—i+1)

- V(t1)>a [m —ilglm —i—1]g---[n—i+1]g

v(ta) [Fa+m—iljl-a+m—i—-1); - [~a+n—i+1];

Hence,

I/ ~m7i 1— ~m 1—1 1— qnfiJrl
) 1_q oc+m z]__q a+mz1 ’ 1_q~7a+n7i+1

(—1)t1+h -« 1_~mz 1_~m11 1_qn7i+1
— 1)ty +h ‘1 g oatm—i]_gotm—i-1 ] _ g-atn—itl

for1<i<n<m.
Thus,

h_o(c™(a),0" " (a)) — h_a(0™(a),0" " (a)) >0, forl1<i<n<m.

We can derive that
SV?qﬁ)x(tl) - aCV?th)x(tQ) < 0.

On the other hand, due to ¢ < 0 and z(t1) < z(t2), we have
SV () = &V pa(t) = c(x(t) — x(tz)) > 0,
which is a contradiction.

From Corollary 4.8 in [38], we know that

x(t) = x(a) B35 (1)

is the solution of (3.15). As an application of Lemma 3.12, we have the following corollary.
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Corollary 3.13 The (q, h)-Mittag—Leffler function
o0
EyS(t) =Y Fhar(t,a)
k=0

is monotonically decreasing if ¢ < 0.

When ¢(t) = ¢ is a negative constant, we can give a simpler proof for Lemma 3.5.
Lemma 3.14 Assume ¢ <0 and z(t) is a solution of equation (3.15) satisfying x(a) > 0. Then x(t) > 0 for
te Tl“z’q(’%

Proof Let t =0%(a),k > 1. Note that

—a+k—1

h-a(0*(a), 0" (a) = (v(c"(a))) " { ki L

— Fq(fa+k7i+1)

_ k
(v(o" (@) Ti(k—i+ )Ig(1—a)
>0,
for 1 <1i < k. From Lemma 3.12, we have V(,Lh)x(gi(a)) <0, i=1,2,--- k. Hence,

t
o Viamz() :/ h—a(t, p(5))V gy (s)Vs

a

k
i=

Y healo™(a), 0" (@) Vg (o' (a)v(o’ ()
1

0.

N

As a result, x(t) of the RHS of (3.15) should be positive when ¢ < 0. O

Theorem 3.15 If ¢ <0 and x(t) is a solution of equation (3.15) satisfying x(a) > 0, then

lim z(t) = 0.

t—o00
Proof From Lemma 3.12 and Lemma 3.14, we know the limit exits. Arguing by contradiction, we assume

lim z(t) = A > 0. By Lemma 3.12 we get that z(¢) is decreasing. Then, by equation (3.12), we have

t—o0

z(t) — z(a) = / ha—1(t, p(s))cz(s)Vs (3.16)

<cm(t)/ ha—1(t, p(s))Vs

t

s=a

= —ca(t)ha(t,s)|

= cx(t)ha(t,a).
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Letting ¢ tend to infinity, the LHS of (3.16) becomes
tlggo z(t) —z(a) = A — z(a) <0,

while the RHS gives for t = o*(a), k> 1,

lim cz(t)ha(t,a) = cA tlim ha(t,a)
—00

t—o0
_ . @ |la+k—-1
= eaJim (v0) i [*FE Y|
_ . a a+k—1
= cd Jim () JLH;O[ ko1 L
(278) k « o «@ Fé(a‘f'k)
= A lim [o%(@)]*(1 = @) lim T;(k)T7(c+ 1)
A (+o0) 5
=cA - (+oo
].—‘q(a'f-l)
:_OO,

where we use

and
lim Fgla+k) (3.14)

k—o0 Pq(k) (1 B q~)7a.

This yields a contradiction and we conclude that klim z(t) = 0. O
— 00

o(a)

Theorem A. Assume 0 < o < 1 and there is a constant b such that c(t) < b < 0, for t € ’]~I‘(q n- Then any

solution, z(t), of the nabla Caputo (g, h)-fractional difference equation

Cve ma(t) =ct)a(t),  teT) (3.17)
with z(a) > 0 satisfies
lim z(t) = 0.
t—o00

Proof Assume y(t) is the solution of Caputo nabla fractional equation

VLY =byt), te Tf;fﬁf)
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satisfying y(a) = 2z(a) > 0. From Theorem 3.6, we have
0 <z(t) <ylt),
for t € T?;[Z)) From Theorem 3.15, we get that
0 < lim z(t) < lim y(t) = 0.

This completes the proof. O

Remark 3.16 (see Example 5.2) If c(t) in Theorem A is not a negalive constant, then the solution of the

equation (3.17) may not be monotonically decreasing.

4. Asymptotic behavior for Riemann—Liouville (¢, h)-fractional difference equation

From the Leibniz rule on time scales in [7, 8], it is easy to get the following nabla (g, h)-difference Leibniz rule.

Lemma 4.1 (Leibniz rule) Assume f: ’ﬁ“(’q,h) X ’ﬁ“(’q,h) — R. Then

Viom / f(t,5)Vs = / V(i F(15)s + F(p(t),1)

forte ']T?q(% , where it is understood that the expression ¢V (4 p)f(t,s) in the last integral means the (partial)

(g, h)-difference of f with respect to t.

o*(a)

Theorem 4.2 Assume 0 < a <1, ¢(t) <0, and t € ’ﬁ‘(q h) - Then any solution of the equation

~ 2 (a
a ?q,h)m(t) = C(t).]?(f,), te T(q,gz)) (41)

o(a)

satisfying x(o(a)) > 0 is positive on T(q 5

Proof Since m = [a] = 1, we have that

Viama® " Vi oV Vo)
COg / Cha(tp()a(r) O
Lem. 4.1 / t hea—1(t, p(7))2(T)VT + h_a(p(t), p(t))2(t)
_ / o (t, p(r))z(r) V.

Letting t = 0*(a), k > 2, we get that
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Tt = st @)l o).
Using that z(t) is a solution of (4.1), we get that for t = o®(t), k > 2,
(ot (80" @) (1) — e(t))2(o* (@)
—- S (o el (o 0)

We now show that since 0 < av < 1, ﬁ_a_l(t, 0" 1(a)) <0 for 1 <i <k — 1. First note that

heae1(t o™ @) B ) {_a P } ~
(23) a1 Dg(—a+k—i)
= O e D ey

Also, since T'g(—a+k —1i) > 0,T5(k—i+1) >0, for k—i>1 and I';(—a) < 0, we have
Bt (t0 (@) <0,
for 1<i<k-—1.
Note that from Lemma 3.2 we have that

h_a_1 (t, okt (a)) > 0.

Since ¢(t) < 0,v(t) > 0 and h_q_1 (t,**(a)) > 0, the coefficient of z(t) = z(c*(a)) on the left hand side of
(4.2) is positive. Since ﬁ,a,l(t,ai_l(a)) <0and v(t) >0 for 1 <i<k—1,and z(c(a)) >0, it follows from

o*(a)
(q;h) -
This completes the proof. O

(4.2) and the strong induction principle that z(t) = z(¢*(a)) > 0, for t € T

Remark 4.3 In the above theorem we proved that if x(t) is a solution of the IVP
Vigm(t) = c)a(t), z(o(a)) = 4, (4.3)

then z(t) is a solution of the summation equation (4.2) satisfying the initial condition z(c(a)) = A. Since
the steps in this calculation are reversible we have that if x(t) is a solution of the summation equation (4.2)
satisfying the initial condition x(o(a)) = A, then x(t) is a solution of the IVP (4.3). Hence, we say the IVP
(4.3) is equivalent to the summation equation (4.2) along with the initial condition x(o(a)) = A. Now solving

the summation equation (4.2) for x(c*(a)), we obtain the summation equation

z}:f ha-1(c*(a), 0" Y(a))z(a'(a))v (0" (a))
h—a-1(c*(a),o"1(a))v(0*(a)) — c(c¥(a))

St | T s @)
(

2(0* (a)) = - (4.4)
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for k > 2, where we used formula (3.1). Hence, the IVP (4.3) and the summation equation (4.4) with the initial
condition x(o(a)) = A are equivalent. Note that if x(o(a)) = A, then by the summation equation (4.4) with
k =2 we get that x(c*(a)) is uniquely determined, and then when k = 3 the values of z(t) at o(a) and o*(a)

uniquely determine the value of z(c3(a)). Hence, it follows by strong mathematical induction that the solution
of the IVP (4.3) exists and is unique on T ( . Since the IVP (4.3) and the summation equation with the the
initial condition x(o(a)) = A have a unique solutzon, we have that the IVP (4.3) has a unique solution and this

solution exists on T?;(Z)) Furthermore, it is easy to see that the nabla (g, h)-fractional equation has just one

linearly independent solution x1(t) on ']I“(T;‘;L)) and x(t) := ax1(t) is a general solution of the nabla fractional

equation (4.1).
Lemma 4.4 Assume that « € R, 0 < § < 1. Then for [t] # 0,

V(0(a))h—a-1(t,a) + h_o(t,o(a)) = h_o(t,a). (4.5)

Proof
On the one hand,

sv(q7h);l—oé(ta G(a)) =

On the other hand, using Lemma 3.4 (2),
Vamh-alt,0(@) = —h-a1(t,0).

Thus,

Hence, (4.5) holds. O

Lemma 4.5 Assume f: Ta(a))%R ,0<a<1,g>1. Then

a(a)v(q h) (q,h)f(t) = V(q,h) o a)v(q h;a)f(t) - f(U(a))}Al—oz(ta O(Q)) (46)
= o(a)Viym [ () = f(o(a))h_q(t, o(a)) (4.7)
and
o@Van * Viam I = Vign oV V1) = f(o(@)halt.a) (4.8)
= a ?q,h)f(t) - f(O'(CL))]AZ_a(t, a)' (49)
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Proof Integrating by parts and using the Leibniz rule (Lemma 4.1), we have

o) Vign " Vam(?)

t ~
=/( )hfa(tm(T))V(q,h)f(T)VT

t

=(h-alt.: 0 f(7))

T=0(a)

+ /(,(@ h—a-1(t, p(7)) f(T)VT

:U(a)v((lq,h)f(t) - f(o-(a))il—a(tv U(a‘))7

and hence (4.7) holds. By the Leibniz rule (Lemma 4.1) we get that

~(1-a) _ o
Vigno@Vgn = o)V ignf®). (4.10)

Using (4.10) and (4.7), we see that (4.6) holds.
Next we will show that (4.8) holds.

—(1-a)
VignaVign ()

Vi [ ot p(s)) 1)V
_ / s (£ () F(5) Vs + o (p(t), p(6) (1)
- / o (£, () (5)Vs

o(a) .
- / et oS @Ts 4 [ Bt o))

—h—a-1(t,0)f(o(a))(0(a)) + / RSO

Subtracting f(o(a))h_q(t,a) from both sides of this last equation we get
VigmaVin “F®) = f(0(a)h_ot,a)
—h_a-1(t,a) f(o(a)v(o(a) +/( )ﬁ—a—1(t,p(3))f(5)V5 — f(o(a))hol(t,a)

= / ( )ﬁfafl(t,p(S))f(S)Vs + f(o(@) (vo(@)h-a-1(t,a) = hoa(t,a))
() / h a1t () F(5)Vs — f(o(a))h_alt, o(a))
(a)
(4.7)

= U(a)v(q h) q,h)f(t)'
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Hence, (4.8) holds. Since by the Leibniz rule V(4 1) o oV, (1) ) = Vigmf(t), we have that (4.8) implies (4.9)
holds. O

Replacing o by 1 — a in Lemma 4.5, we get the following corollary, which will be used later.

Corollary 4.6 Assume f: Tg(a) —-R,0<a<l, g>1. Then:

(g,h)
o@ Vg Vel ) = Vi oVl ) = f(o(a)ha-1(t,0(a)), (411)
o@ Vg Vamf©) = Vign oV () = fo(a)hai(t,a). (4.12)

Lemma 4.7 Assume f : T‘(Tq(‘;b)) x T‘(Tq(‘;b)) — R, 0<a<1. Then we have that

t t t n
,E)VnVE = ,E)VEVD. 4.13
/a [T ovave // f(n,©)VETD (4.13)

o(t) 1= / t / ;) F,)VVE - / t / ", &)vewn,

t

n
A9 = [ S0 and Fitn) = / F(t.m)VE.
p a

Proof Let

From Lemma 4.1, we have

Vamd(t) = Vi / Fu(t,6)VE — Vi / Fy(t.)Vn

/vqh>F1<t VE 1 Fi(p /ftf

p(t)

t t
= [ Vanmwoves [ smnen- [ .99

p(t)
- / F(EE)VE / F(EEVE =0,

and since ¢(a) = 0, we see that ¢(t) = 0. This completes the proof. O

The following lemma is from [10, page 14].

Lemma 4.8 Let a >0, BER and t € Tl’?;_ah)). Then

aV(_;h)hB (t,a) = hays(t,a). (4.14)
A special case of the composition rule in the next lemma is Theorem 3.107 [18]. Also, Cermak and Nechvatal
[12] pointed out that this composition rule follows from a very general formula that they proved. With the
aid of Lemma 4.6 and Lemma 4.7 we now give a straightforward proof of this result for the convenience of the
reader.
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Lemma 4.9 Let o,3 € RT and f: ']T‘(lq n = R. Then

Vi aV i F®) = oV P ).

Proof Tor te ’H‘( (C;L)) we have that

_ Def 2.1 —B
aVign oV, h)f / ha—1(t, p(s 8))aVgn f(5)Vs

= [ (t:p() [ a0 £V

-/ t [ (s p9)ios o717 ) 9595
(4.13) / ! /p ZT) (hal(u p(5)) b1 (s, p(7)) f(T))vsvT

_ /:f(T) /p;) <iLa_1(t,p(s))ﬁg_l(s,p(T))>VsVT
= [ 1) (Vi st ) 7

(419 / S (Phas (b ()T

= Vi P F ).

Also,

—a —B —(a+p)
“v(q,h) “v(q,h)f(a) (q h) f(a).

Theorem B. Assume 0 < a <1, ¢(t) <0, te T( EZ)) and z(t) is a solution of the equation

Cmr(t) =ct)z(t), te T(qf o

satisfying z(o(a)) > 0. Then
lim z(¢) = 0.

t—o00
Proof Applying the operator U(a)V ) to each side of equation (4.15), we obtain
)V(q h) @ v?q,h)x(t) = o’(a)v(;?h)c(t)m(t)v
which can be written in the form

—a —(1-a) _
a@) VY gm Y@ aVign x(t) = o(@)VgnC c(t)x(t).

(4.15)
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Using (4.12), we get that

- ~(1-a) ; (1-a)
Vian oV eV x(t)—ha_l(t,a)( Vil (t)‘t:m)

o(@) Y (gm () (t)
Using
vlao] = [ halot@.pea(o)vs
= h-a(ola). a)a(o(@)(o(a)
= o) | '] stotanviota)
(@] (1 - )~ a(o(a)),
we see that

VanyaV eV V(t) =ha_1(t.a)lo(@)]' (1 - §)' (o (a))

@ Vel (t).

It is easy to see for ¢t > s, letting t = 0™ (s) = 0" (p(s)), for n > 0. Using the composition rule (Lemma 4.9),
we have

v

—(1—« —
(g,h) V( )() v(qh)()

(g,h)

and

Vign aVigm®(t) = Vign [ hot,p(s)z(s)Vs

S

=Vign /atx(s)Vs
— (1),
where we used
haltpt) = (w0 7Y
=1.
Hence, we get that
£(t) =hoor (t.0)o(@)] (1 - ) (o(a) (1.16)
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Since z(o(a)) >0, 0 < a <1, ¢(t) <0, and from Theorem 4.2, we have z(t) > 0,for t € ’]NT[(:;((Z)) Then

n

hacaltopl) = ()~ )

a—1 Flj(a + n)
= O T

Note that I's(a+n) > 0, I'z(a) > 0, and T'g(n+1) > 0, so ha_1(t, p(s)) > 0. Tt follows that

/ . how1 (£, p(s))c(s)a(s) Vs < 0.

Since c(s) < 0 and from (4.16), we get that (taking t = o*(a))

0 < 2(0*(@) < hacr (*(a),0)lo(@)] (1 - )1~ (o(a)). (1.17)
Note that
haestot @) 0) = o) [T (118)
To(a—1+ k)

Lg(k)Tg()

where we used

. k a—1 __
klggo[a ()] = k—o0

1 qk h a—1
= 1i k -
Q‘&(q“‘Ll +q—1>
h a—1
_ N k
= i s+ 1)
=0,
and
_ Tila—1+k) 1\
1 4 = 14)).
Kane  Tg(k) (1 - q) (using(3.14))

From (4.17) and (4.18), we have the desired result:

lim x(c*(a)) = 0.

k—o0
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Remark 4.10 (see Ezample 5.4) If c(t) in Theorem A is not a constant, then there are solutions of the

equation (4.15) satisfying x(o(a)) > 0 that are not monotonically decreasing.

We end this section by considering solutions z(¢) of the ath order nabla fractional (g, h)-difference

equation

~c2(a
oV wr(t) =c(ta(t),  teTf |

satisfying z(o(a)) < 0. By making the transformation z(¢t) = —y(¢) and using Theorem A, we get the following

theorem.

o?(a)

Theorem C. Assume 0 <a <1, ¢(t) <0, te 'ﬁ‘(q ny » and x(t) is a solution of the equation

~0’2 a
oV wr(t) =c(t)a(t),  teT [V

satisfying z(o(a)) < 0. Then z(t) < 0 for t € ﬁﬂ(’q(i)) and

tlggo z(t) = 0.
5. Examples

In this section we give four examples to illustrate Lemma 3.5, Theorem 3.15, Theorem A, Remark 3.16, Theorem
4.2, Theorem B, and Remark 4.10.

Using the recursion formula (2.4), we can get the corresponding numerical solutions through formulae
(3.13) and (4.4) using MATLAB. For the sake of convenience in plotting figures, letting x;, = x(c*(a)), we plot
the points (k, zx) instead of the points (¢, z(t)).

Example 5.1 Consider the initial value problem in the form

) o (1
?V?E’z,oa)m(t) = —2z(t), te T(l(.2),0.5)’
z(1) =0.1.
The solution z(t) is given in Figure 2. Note that x(¢) monotonically tends to zero as t — oco.

Example 5.2 Consider the initial value problem in the form

L . ~o(1
?V(()f.sz,o.s)x(t) = —(0.1+sin’¢) - x(t), te T(l(.Q),O.E))’
z(1) =0.1.
There is a constant b = —0.1 such that

c(t) = —(0.1 +sin?t) < b.

It is evident that the solution z(t) is asymptotically stable from Theorem A.

We plot the solution z(t) in Figure 3. Note that z(¢) tends to zero as ¢ — 0o, but is not monotonically

decreasing.
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Figure 2. Asymptotic behavior of z(t) for a = 1, v = Figure 3. Asymptotic behavior of z(t) for a = 1, v =
0.3, ¢g=1.2, h=0.5, z(a) =0.1, c(t) = —2. 0.3, ¢g=1.2, h=0.5, z(a) =0.1, ¢(t) = —(0.1 +sin®¢).

Example 5.3 Consider the initial value problem in the form

a?(1)

te T(1.2,0.5)7

1V {1505 (t) = —0.00001z(t),

z(o(1)) =0.1.
We plot the solution z(t) in Figure 4. Note that x(¢) monotonically tends to zero as t — oo.

Example 5.4 Consider the initial value problem in the form

~a_2(1)

1 .
1V?i?250v5):v(t) = ——sin'Ct-z(t), t €T 505,

100
z(o(1)) =0.1.

0.1 T T T T 0.1

q 0.08 q
q 0.07 q
q 0.06 q
q 0.05 q
q 0.04 q
q 0.03f q
q 0.02 q
q 0.01f q
0 ‘ Ty
80 100 0 20 40
k k

60 80 100

Figure 5. Asymptotic behavior of z(t) for a = 1, v =

0.9, ¢ =12, h=0.5, z(c(1)) =0.1, c(t) = — 155 sin' ¢.

Figure 4. Asymptotic behavior of z(t) for a = 1, v =
0.7, =12, h =05, 2(c(1)) = 0.1, ¢(t) = —0.00001.
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easy to check that

1
c(t) = ~100 sin'%t < 0.

Hence, the solution z(t) is asymptotically stable according to Theorem B.

We plot the solution z(t) in Figure 5. Note that x(¢) tends to zero as t — oo, but is not monotonically

decreasing.

6. Conclusions

In this paper, we present two asymptotic results on linear nabla fractional difference equations originating from

the recent papers as well as their new extensions on the (g, h)-time scale. Furthermore, the fractional difference

equations’ numerical solutions are given to support the established theories. It remains to discuss the asymptotic
stability of (0.1) and (0.2) with ¢(¢) > 0, which is still an open problem.

1]
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